The calculation of perturbative corrections to the spectral moments observable in hadronic τ decays is reconsidered. The exact order-α 3 s results and the resummation procedure of Le Diberder and Pich are compared with a partial resummation of the perturbative series based on the analysis of so-called renormalon chains. The perturbative analysis is complemented by a model-independent description of power corrections. For the contributions of dimension four and six in the OPE, it is demonstrated how infrared renormalon ambiguities in the definition of perturbation theory can be absorbed by a redefinition of nonperturbative parameters. We find that previous determinations of QCD parameters from a measurement of spectral moments in τ decays have underestimated the theoretical uncertainties. Given the present understanding of the asymptotic behaviour of perturbation theory, the running coupling constant can be measured at best with a theoretical uncertainty δα s (m 2 τ ) ≃ 0.05, and the gluon condensate with an uncertainty of order its magnitude. Two weighted integrals of the hadronic spectral function are constructed, which can be used to test the absence of dimension-two operators and to measure directly the gluon condensate.
Introduction
The τ lepton is the only known lepton heavy enough to decay into hadrons. Its decays provide a unique environment to study hadronic weak interactions at low energies. Because of its inclusive character, the total τ hadronic width is expected to be calculable in QCD using analyticity and the operator product expansion (OPE) [1] - [6] . 1 Since nonperturbative contributions to the total width turn out to be strongly suppressed, a measurement of the τ width is considered an excellent way to extract the strong coupling constant α s with high precision at low energies. It has also been pointed out that hadronic τ decays can more generally be used to test QCD and to extract some of its nonperturbative parameters [8] - [12] . The idea is to measure spectral moments built from weighted integrals of the invariant hadronic mass distribution. As the total width, such moments are calculable in QCD, but they are more sensitive to nonperturbative contributions. An analysis of the spectral moments can also be used to search for non-standard effects, such as power corrections of order (Λ/m τ ) 2 [13, 14] , which are absent in the standard OPE approach of Shifman, Vainshtein and Zakharov (SVZ) [15] .
A QCD-based analysis of power-suppressed effects by measuring spectral moments in hadronic τ decays has been pursued by two experimental groups [16, 17] . There is a theoretical obstacle to any such analysis, however. The separation of perturbative and nonperturbative effects in QCD is intrinsically ambiguous. In order to define and extract power corrections in a meaningful way, one has to control the perturbative contributions to sufficiently high accuracy. But it is known that QCD perturbation theory provides an asymptotic expansion, which is factorially divergent at large orders. Related to this behaviour are the so-called renormalon singularities in the Borel transform of a perturbative series with respect to 1/α s [18] - [26] . The definition of the (resummed) perturbative expansion by itself is ambiguous; only the sum of perturbative and nonperturbative contributions in the OPE is well defined [24] . Recently, the study of renormalons has received renewed attention. Efficient techniques have been developed to resum so-called renormalon chains, i.e. terms of order β n−1 0 α n s (where β 0 denotes the first coefficient of the β-function), to all orders in perturbation theory [27] - [30] . These investigations are interesting, since they provide an estimate of the importance of higher-order terms in a series, and moreover they elucidate the structure of nonperturbative contributions, which have to be included in the OPE in order to cancel the ambiguities of resummed perturbation theory. They are also useful for estimating the uncertainty in finite-order perturbative calculations.
In the present paper, we reconsider the theoretical analysis of hadronic τ decays in the light of these developments. This extends some recent analyses of renormalon contributions to the τ hadronic width [28] - [30] . In Sect. 2 we define the spectral moments and discuss existing perturbative predictions for them. In Sects. 3 and 4 we discuss the resummation of renormalon contributions for euclidean current correlators and for the spectral moments. Section 5 is devoted to a model-independent analysis of power corrections. In Sect. 6 we show in detail how the ambiguities of perturbation theory, which are due to the first two infrared (IR) renormalons, can be absorbed into a redefinition of some nonperturbative parameters. A discussion of our results and a study of the feasibility of extracting the running coupling constant and some nonperturbative parameters from data are presented in Sect. 7. There we construct two weighted integrals of the hadronic spectral function, which can be used to test the absence of dimensiontwo operators in QCD and to measure the gluon condensate. Technical details of our calculations are relegated to three appendices.
Spectral moments
The theoretical description of inclusive hadronic τ decays involves two-point correlation functions of flavour-changing vector and axial vector currents, V (1) The superscript (J) denotes the angular momentum in the rest frame of the hadronic final state. The total hadronic τ decay rate, normalized to the electronic one, can be written as
where
is the inclusive hadronic spectrum, and
us,V +A (s) .
The factor S EW ≃ 1.0194 accounts for electroweak radiative corrections [31] . Le Diberder and Pich have pointed out the usefulness of considering weighted integrals of the spectrum dR τ /ds [12] . Such integrals are linear combinations of the spectral moments 
which contain the dynamical information that can be extracted from hadronic τ decays. 2 The weighted integrals
which are normalized such that their perturbative expansion is R k = 1+α s /π+. . ., are given by
In particular, we note that
Using the analyticity properties of the correlators in (1), the spectral moments can be written as contour integrals in the complex s-plane. One finds
are the logarithmic derivatives of the correlators, which are ultraviolet (UV) finite. These functions are analytic in the complex s-plane, with discontinuities on the positive real axis. The contour integrals have two attractive features. First, to perform the integration along a circle with radius |s| = m 2 τ requires knowledge of the correlation functions only for large (complex) momenta. Second, the integrand in (9) vanishes for s = m 2 τ , where the contour touches the physical cut. Therefore, unlike the spectral functions themselves, their moments are expected to admit a theoretical description in QCD, which can be organized as an expansion in powers of (Λ/m τ ) 2n [4, 12] . One of the purposes of this paper is to reconsider the calculation of the perturbative contribution in this expansion, i.e. the term with n = 0. This contribution can be calculated by setting the current quark masses of the light quarks u, d
and s to zero. In this limit the flavour-changing currents are conserved, so that the correlators with J = 0 in (1) vanish. Moreover, chiral invariance implies that the spectral functions in the vector and axial vector channels are the same. It follows that
The perturbative expansion of the function D(−s),
is known to order α 3 s . For n ≥ 3, the coefficients K n depend on the renormalization scheme. In the MS scheme, one finds (with n f = 3 quark flavours) [32] - [36] 
with ζ(3) ≃ 1.20206 and ζ(5) ≃ 1.03693. The next coefficient, K 4 , has been estimated using the principle of minimal sensitivity [37] and the effective charge approach [38] , with the result that [39] K MS 4,est ≃ 27.5 .
The perturbative contributions to the moments in (9) are
with
The coefficients d n can be obtained using the renormalization-group equation (RGE)
, which is an excellent approximation, since experimentally | V ub | 2 < 1.6 × 10 −5 . for the running coupling constant. For n f = 3, the first three coefficients of the β-function are β 0 = 9, β 1 = 64 and β
MS 2
= 3863/6 [40] . The result is [12] 
As mentioned above, the exact result for the coefficient K is unknown. Nevertheless, it follows that ratios and differences of moments are known exactly to order α 4 s , since this unknown coefficient cancels out. In Table 1 , we show the order-α Le Diberder and Pich have argued that one should improve the perturbative prediction for the spectral moments by performing a partial resummation of higher-order terms [5, 12] . Their observation was that the evolution of the running coupling constant along the integration contour in (16) generates higherorder corrections that are expected to be larger than the "genuine" higher-order corrections to the correlator D(−s). These corrections can be resummed by writ- 
The contour integrals over the running coupling constant can be performed numerically (see Appendix A). The effect of this resummation is significant. In Table 2 , we show the results obtained using the two-loop RGE for the running coupling constant. The differences with respect to fixed-order perturbation theory are of order a few per cent. We shall comment on the usefulness of this resummation procedure at the end of Sect. 4. In this paper we investigate another type of resummation, which deals with the so-called renormalon-chain contributions [18] - [30] . These are terms of order β n−1 0 α n s in the perturbative series for D(−s) and for the moments M k , where
n f is the first coefficient of the β-function. A graphical representation of a renormalon chain is shown in Fig. 1 . The motivation to resum these terms to all orders is the following: The coefficients in the perturbative series (12) and (16) , which are polynomials in the number of quark flavours n f , can be reorganized as polynomials in β 0 , i.e.
Since in QCD the value of β 0 is large, it is conceivable that a reasonable approximation to these coefficients is provided by the first term, i.e. the one with the highest power of β 0 . Some formal arguments supporting this assertion can be found in Ref. [30] . Below, we shall refer to this approximation as the "large-β 0 limit". In this limit, one finds
which can be compared with the exact values of K 1 , K 2 and K
MS 3
given in (13), as well as with the estimated value of K MS 4 given in (14) . With the exception of K MS 3 , the large-β 0 limit seems to work quite well. We also quote the corresponding results for the coefficients in the expansion of the moments. They are
which can be compared with the exact values of d 1 , d 2 and d
given in (18).
...
q

Figure 1:
Renormalon-chain contribution to the correlator D(−q 2 ). The shaded bubble represents a self-energy insertion on the gluon propagator. We note that bubble summation is not a gauge-invariant procedure in a non-abelian theory; the figure is meant as an illustration only.
In Table 3 , we show the results obtained in the large-β 0 limit for the perturbative contributions to the moments at order α 3 s . For the difference between the "large-β 0 results" and the exact ones, we find Tables 1 and 3 shows that these differences are rather small, supporting to some extent the usefulness of the large-β 0 limit.
In Refs.
[27]- [30] , efficient techniques have been developed to resum the terms of order β n−1 0 α n s exactly to all orders in perturbation theory. Note that such a resummation includes the main part of the resummation of Le Diberder and Pich. In addition, a partial resummation of the higher-order coefficients K n in the series (12) is achieved. This is important, since these coefficients are known to diverge factorially for large n, reflecting the asymptotic behaviour of perturbative expansions in QCD. The perturbative series for D(−s) and for the moments M k are not Borel summable, implying that the definition of these quantities in perturbation theory has an intrinsic ambiguity, which has to be cured by adding nonperturbative contributions [24] . The resummation of renormalon-chain contributions allows one to quantify (or at least estimate) this ambiguity. Moreover, unlike any truncated perturbative series, the resummed expressions for D(−s) and for the moments M k are independent of the renormalization scheme. Nevertheless, one has to keep in mind that this method provides only a partial resummation of a perturbative series, and it is not obvious that it gives a better approximation to the full series than fixed-order perturbation theory. Therefore, to be conservative we shall take the differences between our procedure and others as an indication of the perturbative uncertainty. 
with the Borel transform [25, 26] 
Λ is the scale parameter in the one-loop expression for the running coupling constant, and C is a scheme-dependent constant, with C = −5/3 in the MS scheme (C = 0 in the V scheme, see below). The coefficients κ n have been defined in (20) . The function S D (u) contains pole singularities on the real u axis. The singularities on the negative axis are related to the UV behaviour of Feynman diagrams and are called UV renormalons. The singularities on the positive axis, which arise from the integration over low virtual momenta in Feynman diagrams, are called IR renormalons [18] . In the present case there are UV renormalon poles located at u = −1, −2, . . . and IR renormalon poles at u = 2, 3, . . .. In general, a pole at u = u i is associated with a factorial growth of the expansion coefficients κ n of the form Γ(n) (4u i ) −n (there is an extra factor n for a double pole), so that the renormalon singularity closest to the origin determines the asymptotic behaviour of the expansion coefficients. In the case of UV renormalons, these contributions have alternating sign and can be resummed by means of the Borel integral (24) . However, for IR renormalons all terms have the same sign and the series is divergent. In fact, IR renormalon singularities fall on the integration contour in (24) , making the value of the Borel integral ambiguous. A measure of the ambiguity is provided by the residue uf the nearest IR renormalon pole. In the present case this is located at u = 2 and leads to an ambiguity of order Λ 4 /Q 4 . The appearance of IR renormalons indicates that perturbation theory is incomplete; it must be supplemented by nonperturbative corrections. Only the sum of all perturbative and nonperturbative contributions is unambiguous. For euclidean correlation functions of currents, the OPE provides a consistent framework for a systematic incorporation of nonperturbative effects [41] . In the case of the function D(Q 2 ), such effects appear first at order 1/Q 4 and are parametrized by the gluon condensate [15] , which has an ambiguity that compensates the ambiguity in the resummed perturbative series [20] - [24] . This will be discussed in more detail in Sect. 6.
An efficient technique for evaluating the Borel integral (24) has been developed in Ref. [28] , where it was shown that
Here α
is the one-loop running coupling constant in the so-called V scheme, in which the coupling constant is defined in terms of the heavy-quark potential [42] . The relation between the V scheme and the MS scheme is such that α
2 ) with C = −5/3. Thus, the parameter Λ V can be obtained from the value of α s (m 2 τ ) in the MS scheme by
The function w D (τ ) in (26) describes the distribution of the virtuality of the gluon in the diagrams associated with the order-α s correction to D(Q 2 ). It is given by [28] w D (τ ) = 32 3 Fig. 2 , we show w D (τ ) as a function of ln τ , which is the natural integration variable in (26) . The expansion coefficients κ n are related to the moments of this distribution by
The value of the integral in (26) is independent of the renormalization scheme; changing the scheme simply amounts to rescaling the integration variable τ . However, as written above the integral is ambiguous because the integration contour runs over the Landau pole in the running coupling constant a(τ Q 2 ), which
2 . This is nothing than the IR renormalon ambiguity mentioned above. Different regularization prescriptions for the Landau pole lead to different results. A measure of the ambiguity is provided by the residue of the pole, i.e.
The quantity ∆D ren (Q 2 ) is equal to the sum of the residues of the IR renormalon poles in the integrand of the Borel integral in (24) [28] . Below we shall use the principle value prescription to regulate the Landau pole in (26) , which is equivalent to calculating the principle value of the Borel integral.
To illustrate the importance of the all-order resummation, we quote numerical results for the case Q 2 = m (31) . It is instructive to investigate the behaviour of the perturbative series in the large-β 0 limit. The expansion coefficients κ n can be obtained by expanding the Borel transform S D (u) in (25) in powers of u. For the MS and the V scheme, the results are given in Table 4 . In the V scheme, the coefficients have alternating sign, and the nearest UV renormalon at u = −1 is dominant already at low orders [30] . In the MS scheme, UV renormalons are not yet dominant at low orders due to an extra factor e 5u/3 in the Borel transform, which suppresses the region of negative u. The first few coefficients have the same sign, and their growth is determined by the interplay of the UV renormalon at u = −1 and the IR renormalon at u = 2.
In Table 5 , we show the partial sums
(α s /π) n in the two schemes. Note that the asymptotic value, which is given by the integral in (26), is scheme independent. In the MS scheme, the minimal term in the series is reached at n = 4 and gives a contribution of 0.3%. If one truncates the series at this point, the difference to the resummed result is 1.4%, which is about four times the renormalon ambiguity. In the V scheme, the minimal term is reached already at n = 2, and its contribution is 6.0%. If the series is truncated at this point, the difference to the resummed result is 4.6%. Since in the V scheme the leading UV renormalon is dominant, the error due to the truncation of the series is necessarily of order (Λ V /m τ ) 2 ≃ 6.7%. The fact that this error is much larger than the IR renormalon ambiguity, and moreover has a different power dependence on m τ , has been emphasized in Ref. [43] . For comparison, we note that the leading nonperturbative contribution to the D function, which is proportional to the gluon condensate [15] , is given by (see Appendix C)
Clearly, to give meaning to the value of nonperturbative parameters such as the vacuum condensates one has to control the higher-order behaviour of perturbation theory; in particular, it is necessary to resum the contribution of the first UV renormalon. If one believes that the large-β 0 limit provides a reasonable description of the nature of this singularity, the resummation is achieved by performing the Borel integral, and then the residual ambiguity is due to the nearest IR renormalon and thus of order (Λ V /m τ ) 4 . If, however, one wants to be more conservative and truncate the series at the last term that is exactly known, one is left with an uncertainty that is larger, namely of order the last term itself.
Renormalon resummation for the moments
Let us now turn to the resummation of renormalon-chain contributions for the spectral moments. In the Minkowski region, a simple representation of the Borel integral of the form (26) does not exist [28] . Beneke et al. have shown that the 
τ is the position of the Landau pole in the coupling constant a(τ m 2 τ ) defined in (27) . The functions W k (τ ) are related to weighted integrals of the distribution function w D (τ ) [28] :
It is possible to perform these integrals explicitly. For k = 0, we find that
is the trilogarithm. For k = 1 we obtain
For the remaining cases, k ≥ 2, we find
These functions obey the normalization
which yields the unit coefficient in front of α s /π in the perturbative series for M k . Moreover, we note that W ∞ (τ ) = w D (τ ). In Fig. 3 , we show W k (τ ) as a function of ln τ for a few values of k. For k → ∞, these functions converge towards the function w D (τ ) depicted in Fig. 2 . Weighted integrals of the functions W k (τ ) with powers of ln τ determine the coefficients in the perturbative expansion of the moments M k in the large-β 0 limit. 
where α s = α s (m 2 τ ), C = −5/3 for the MS scheme (C = 0 for the V scheme), and
,
This does indeed reproduce the result given in (22) .
In Table 6 , we show the resummed results for the first six moments as a function of the value of the coupling constant α s (m 2 τ ) in the MS scheme, which according to (28) defines the scale parameter Λ V . In order to perform the numerical integrations in (33) , it is convenient to use the asymptotic behaviour of the functions W k (τ ) for large and small values of τ , which is given in Appendix B. When expanded in powers of the coupling constant, our resummation reproduces the large-β 0 limit for the perturbative coefficients given in (22) . We can correct for the missing pieces, which are known up to order α 3 s , using (23) . This leads to the numbers given in the lower portion of the table. The renormalon ambiguity in the perturbative contribution to the moments M k can be obtained by inspecting the corresponding Borel transforms
or by performing the integrals [27] ∆M ren k
The structure of IR renormalon poles is as follows: For k = 0 there are single poles at u = 3, 4, . . .; for k = 1 there are single poles at u = 2, 3, . . .; for k = 2 there is a double pole at u = 3 and singles poles at u = 4, 5, . . .; for k ≥ 2 there is a double pole at u = k + 1 and single poles at u ≥ 3 (u = k + 1). For the corresponding renormalon ambiguities, we obtain Let us again study the behaviour of the perturbative series in the large-β 0 limit. The asymptotic growth of the expansion coefficients δ n in (20) , which can be obtained by expanding the Borel transform S k (u) in powers of u, is determined by the UV renormalon at u = −1. However, the behaviour in low orders is governed by a complicated interplay of this UV renormalon with the nearest IR renormalon, which is located at u = 2 for k = 1 and u = 3 for k = 1. For the first three moments, we show the coefficients δ n in Table 7 . In Table 8 , we show the partial sums M
n and compare them to the asymptotic value obtained from the resummation of renormalon chains. As before, the minimal term in the series is reached later in the MS scheme than in the V scheme. If one truncates the series at the minimal term, in both schemes the differences to the resummed results are typically of order 10 −3 for k = 0, and of order 1-2% for k = 1, 2. In all cases these differences are much larger than the renormalon ambiguities.
An interesting question that can be addressed using the large-β 0 limit is whether the resummation procedure of Le Diberder and Pich [5] improves the convergence of the perturbative series. To answer this question, we investigate the partial sums
where the integrals I k+1 n (m τ ) are evaluate using the one-loop β-function for the running coupling constant (see Appendix A). This ensures that for N → ∞ one recovers the large-β 0 limit of the series. The partial sums for the first three moments are shown in Table 9 . The results are interesting, as they indicate Table 8 : Partial sums of the perturbative series for the first three moments in the large-β 0 limit. that the convergence is not improved in a significant way. In some cases (such as k = 0), fixed-order perturbation theory even converges better towards the asymptotic result. We believe that this observation is not specific for the large-β 0 limit, since the large π 2 -terms resummed in the approach of Le Diberder and Pich are retained in this limit. Table 9 : Partial sums of the perturbative series for the first three moments obtained using the large-β 0 limit of the resummation procedure of Le Diberder and Pich. To summarize, in the first part of this paper we have investigated three schemes to calculate the perturbative contributions to the spectral moments M k : fixed-order perturbation theory, the resummation procedure of Le Diberder and Pich, and resummed perturbation theory in the large-β 0 limit. The results are summarized in Tables 1, 2 and 6. As there is no strong argument to prefer one of these schemes over the others, the differences between the numerical results must be considered as theoretical uncertainties in the perturbative calculation of the moments. These differences are of order a few per cent. We note that taking ratios of moments (as proposed in Ref. [12] ) does not improve the accuracy, although such ratios are known exactly to order α for the ratio M 1 /M 0 differ by a larger amount than the predictions for the individual moments. In the second part of the paper, we shall investigate what this uncertainty implies for the sensitivity to power corrections.
Power corrections
One of the goals of analysing moments of the τ hadronic spectrum is to test QCD at the level of nonperturbative effects, which manifest themselves in the form of power corrections [12] . In the standard approach of SVZ, these corrections are parametrized in terms of vacuum expectation values of local, gauge-invariant operators, the so-called condensates [15] . There have been attempts to extract the condensates of dimension four, six and even eight from the analysis of hadronic τ decays [9] - [11] , [16, 17] . However, the feasibility of such determinations is limited by the fact that, in order to be sensitive to power-suppressed effects, one has to control perturbation theory to a sufficient level of accuracy.
There is also a conceptual need for an analysis of power corrections. As we have seen, the perturbative definition of the moments is ambiguous because of the presence of IR renormalons. In order to deal with these ambiguities in a consistent way, one is forced to add other nonperturbative contributions. Hence, we shall write
Only the sum of the perturbative and nonperturbative contributions can be expected to be well defined and unambiguous. We shall now present a modelindependent analysis of power corrections, which does not rely on assumptions about their origin. Our goal is to relate the power corrections to the moments to those of the euclidean correlators D (J) (Q 2 ) defined in (10), for which we write
The nonperturbative quantities O
2n (Q 2 ) scale like Λ 2n . The only assumption we shall make is that these quantities have a weak, logarithmic dependence on Q 2 . Writing then
it is justified to treat ∇ = d/d ln m 
Here γ m = −2α s /π + . . . is the anomalous dimension of the running quark mass. Inserting expression (48) into the contour integral (9), we find
To second order in ∇, we obtain
for n = k + 1, and
for n = k + 1. Hence, if the logarithmic dependence of O 2n (m 2 τ ) on m τ is neglected, the k-th moment projects out the power corrections of dimension d = 2k + 2:
The most important effect of the scale dependence is to induce contributions from lower-dimensional operators.
Using the above results we can derive explicit expressions for the power corrections to the moments, treating both ∇ and 1/m 
Thus, the power corrections are parametrized by a set of fundamental nonperturbative parameters
2n . We now apply this general formalism to calculate the leading power corrections in the SVZ approach [15] . The corresponding corrections O (J) 2n
to the current correlators D (J) have been calculated, at next-to-leading order in the coupling constant, by several authors. They have been summarized and rewritten in terms of scale-invariant condensates in Ref. [4] . For the corrections of dimension two and four, the results are [44] - [47] 
Here α s = α s (m The most important power corrections of dimension six come from four-quark operators; the coefficient of the operator G 3 vanishes to leading order in α s [48, 49] . Operators containing powers of the light quark masses are strongly suppressed and can safely be neglected. The coefficient functions for the fourquark operators were calculated to next-to-leading order in Ref. [50] . In the chiral limit there are no contributions to the J = 0 correlator, and the contributions to the J = 1 correlator are
The dependence on m 2 τ resides in L = ln m 2 τ /µ 2 , and µ is an arbitrary renormalization scale. Since we work in the chiral limit, it is not necessary to specify the flavour labels; however, it is important that i = j. The four-quark operators, which are renormalized in the MS scheme, are defined as
Since there exist no reliable estimates for these condensates, the traditional approach is to apply the vacuum saturation (or factorization) approximation [15] to relate them to the quark condensate. Unfortunately, this approximation is inconsistent with renormalization-group (RG) invariance [51, 52] . Moreover, phenomenological analyses indicate that the factorization approximation underestimates the contribution of four-quark operators. One introduces a fudge factor ρ to compensate for this. At leading order in α s , one then obtains
The combination ρα s ψ ψ 2 is treated as a scale-invariant phenomenological parameter, whose value has been determined to be of order 2-6×10 −4 GeV 6 [9] - [11] , 8 We have rewritten the result given in Ref. [50] using Fierz identities. Note that, in the notation of Ref. [12] , one has O (0+1) 6 = 6π 2 O(6).
corresponding to ρ ∼ 3-8 at µ = 1 GeV. The fact that phenomenology requires ρ ≫ 1 is unsatisfactory and indicates large violations of the factorization hypothesis. An interesting and, to our knowledge, new alternative to the vacuum saturation approximation is to consider the large-β 0 limit, which we have employed already in the calculation of the perturbative corrections. This limit respects exact RG invariance, yet reducing the dimension-six corrections to a single phenomenological parameter. To obtain it, we analyse expression (57) in the limit n f → ∞. Note that there is n f dependence in the running coupling constant as well as in the flavour sums. We find
where the product n f α s (µ 2 ) is formally of order n 0 f . The two terms shown in parenthesis correspond to the diagrams depicted in Fig. 4 . In the next step, we replace n f by − 2 3 β 0 and use the one-loop expression for the running coupling constant to find that
where Λ V = e 5/6 Λ MS , and a(µ 2 ) has been defined in (27) . The µ dependence of a(µ 2 ) is exactly cancelled by the µ dependence of the four-quark condensate [52] . Note that the contribution (61) vanishes in the factorization approximation. In this sense the above two approximations are orthogonal to each other. If we define
where ψ ψ 2 is evaluated at µ = 1 GeV, we find that the results (61) and (59) are of similar magnitude if ε ∼ 1-2%, corresponding to only a small deviation from vacuum saturation, which is certainly not excluded. Hence, if one accepts that the large-β 0 limit gives a reasonable approximation to QCD, it provides a natural explanation of the empirical fact that the values of four-quark condensates are much larger than predicted in the vacuum saturation approximation.
Starting from (56) and using the β-function and the anomalous dimension of the running quark masses from Appendix C, we find Figure 4 : Examples of leading contributions of four-quark condensates in the large-n f limit. The first diagram is of order n f α s , the second of order (n f α s ) 2 .
The quantity
appearing in (55) is of order α 2 s and will thus be neglected. For completeness, we also quote the results for the derivatives of the dimension-six operator. They are
To estimate the size of the various power corrections we use the standard values of the QCD parameters, which are collected in Appendix C. We find the following results for the nonperturbative parameters corresponding to J = 0 + 1:
The quoted errors reflect the uncertainty in the values of the quark masses and vacuum condensates. We note that the values of O are dominated by the gluon condensate. For J = 0, we obtain:
Most of the contributions are strongly suppressed by powers of the small quark masses and can safely be neglected. Contributions to the moments of order 10
are certainly not detectable given the uncertainties in the perturbative calculation, and also given that any extraction of the moments will be affected by experimental uncertainties. Therefore, it is a safe approximation to consider the power corrections in the chiral limit, in which case only contributions with J = 1 remain. The most striking prediction of the SVZ approach is that O /m 4 τ ∼ 1%. We expect that corrections of dimension six are suppressed, relative to this, by about a factor 3, which is beyond the precision reachable in a realistic analysis. Therefore, we believe that the primary goals must be to measure α s (m 2 τ ) with a minimum contamination from power corrections, to test the absence of dimension-two operators in QCD, and to extract a value for the gluon condensate. We shall discuss some strategies how to pursue these goals in Sect. 7. Before, however, we will demonstrate how the inclusion of power corrections cures the IR renormalon problem.
Cancellation of renormalon ambiguities
The structure of power corrections simplifies greatly in the combined large-β 0 and chiral limit. The nonperturbative parameters remaining in this limit are the ones needed to absorb the renormalon ambiguities in the perturbative calculations of Sects. 3 and 4. We find
large−β 0 = 128π
All other contributions of dimension up to six vanish in this limit; in particular all contributions for J = 0. It is satisfying to observe that the potentially large power corrections survive in the large-β 0 limit. From the numerical discussion of the preceding section, it follows that all other terms are of order 10 −3 or less (in the appropriate units of m τ ).
Let us now demonstrate how the renormalon ambiguities of perturbation theory can be cured by adding nonperturbative corrections. To start with, consider the euclidean correlator D
(1) (Q 2 ). In the combined large-β 0 and chiral limit, we find from (26) and (47) 
The perturbative contribution is ambiguous because of the Landau pole in the running coupling constant a(τ Q 2 ). The corresponding renormalon ambiguity has been given in (31) . To obtain a meaningful result, we have to require that, order by order in 1/Q 2 , these ambiguities are cancelled by corresponding ambiguities in the definition of the nonperturbative parameters O (1) 2n . The philosophy is the following: The values of the nonperturbative parameters become meaningful only after one specifies a resummation prescription for the perturbative series, i.e. a prescription to regulate the Landau pole in the integral over τ in (68). Changing this prescription changes the values of the nonperturbative parameters in such a way that the total answer remains the same [24] . Hence, to order 1/Q 6 we have to require that
Note that the momentum dependence of O
6 (Q 2 ) , which is obtained from (61) by the replacement m 2 τ → Q 2 , is precisely of the form required to fulfill this condition. It follows that
where we have used Λ V = 0.461 GeV corresponding to α s (m 2 τ ) = 0.32. Numerically, the ambiguity of the gluon condensate is about one third of its value; the ambiguity of the dimension-six condensate is about 3 × 10 −3 /ε times its value, which amounts to 30% if ε = 1%.
Once the ambiguities cancel for the euclidean correlation function, they also cancel for the moments. We find that to order 1/m 6 τ the conditions for this cancellation read
where the perturbative ambiguities ∆M ren k have been given in (44) . These conditions are indeed satisfied with (70).
Discussion of the results
We have presented a new analysis of the spectral moments measurable in hadronic τ decays, with the main focus on the uncertainties inherent in the perturbative calculation of the leading terms in the OPE. Comparing fixed-order perturbation theory (which is known to order α 3 s in this case) with a partial resummation of the perturbative series based on the analysis of so-called renormalon chains, we conclude that the uncertainties in the calculation of the moments are of order a few per cent. We have also considered the resummation prescription of Le Diberder and Pich [5] and find that it does not reduce this uncertainty in a significant way. These observations imply important limitations for tests of QCD at the level of power corrections. We have presented a model-independent description of such corrections and argued that they have to be included, for reasons of consistency, in order to cure certain ambiguities of perturbation theory, which are related to IR renormalons. For the power corrections of dimension four and six we have demonstrated in detail how these ambiguities can be absorbed into a redefinition of some nonperturbative parameters (vacuum condensates). Based on our results, we conclude that previous analyses of spectral moments in hadronic τ decays [12, 16, 17] , which were aiming at an extraction of power corrections up to dimension six and even eight, have underestimated the theoretical uncertainties. In the remainder of this section we shall reconsider the feasibility of extracting fundamental QCD parameters, such as the running coupling constant and some of the vacuum condensates, in the light of our results.
Even in the ideal case in which the spectral moments M (J)
k can be measured with arbitrary precision, and in which the perturbative contributions to these moments can be calculated to very high order, there is an unavoidable ambiguity in the definition of power corrections, which results from the presence of renormalons in perturbative QCD. The renormalon ambiguities in the values of the gluon condensate and the dimension-six condensate have been given in (70).
They amount to about 30% of the expected values of the condensates. However, to achieve such a level of precision would not only require zero experimental errors, but also a control of the asymptotic behaviour of perturbation theory, which is lacking at present. One cannot trust the large-β 0 limit to provide a very accurate description of this behaviour. To be conservative, we shall consider the difference between third-order truncated perturbation theory and the resummed results in the large-β 0 limit as an estimate of the perturbative uncertainty. We will now discuss what this implies for measurements of α s (m 2 τ ) and some of the vacuum condensates.
The most accurate way to determine the running coupling constant is to measure the total inclusive ratio R τ defined in (2) . We separate the perturbative contribution to this quantity from nonperturbative corrections by writing
The perturbative contribution, δ pert = 2M 0 − 2M 2 + M 3 − 1, depends strongly on the value of the running coupling constant. In Fig. 5 , we compare the exact order-α 3 s prediction for this quantity (Table 1) to the result obtained from the resummation of renormalon chains (lower portion of Table 6 ). For comparison, we also show the result obtained using the resummation method of Le Diberder and Pich [5] (Table 2) , which is routinely used in the determinations of α s from R τ . The differences between these perturbative approximations are of order few to several per cent, increasing as the value of α s increases. The quantity
contains the power corrections. In the SVZ approach, the largest contribution (about 50%) comes from dimension-six operators; the contribution of the gluon condensate is suppressed by two powers of α s . The remaining corrections come mainly from quark-mass effects and from the quark condensate, each of which contribute about 25%. The fact that the power corrections to R τ are very small has been noted in Ref. [4] . It is for this reason that measurements of R τ are believed to provide a reliable determination of the running coupling constant. Note that the uncertainty in the value of the power corrections is much less than the uncertainty in the perturbative calculation of δ pert . Thus, it is the perturbative uncertainty which limits the accuracy in the extraction of α s (m 2 τ ). Even if one could determine δ pert with a very small error (in practice this error cannot be much smaller than 1% because of the theoretical uncertainty in δ power ), there is a rather large uncertainty in the corresponding value of the running coupling constant, depending on which perturbative approximation one uses. is a reasonable estimate of the theoretical uncertainty. This is a factor 3 larger than the total error estimated in Ref. [5, 12] and quoted in the experimental analyses [16, 17] . Next consider the extraction of the leading nonperturbative parameter contributing to the moments, which is the gluon condensate or, more generally, the quantity O (0+1) 4 . From (55) it follows that the moment M (0+1) 1 is most sensitive to this parameter. Let us assume an ideal experiment, in which this moment can be extracted with high accuracy. 9 Moreover, assume that α s (m 2 τ ) has been determined independently from a measurement of R τ . As previously, we write
The theoretical predictions for the perturbative contribution, η pert = M 1 − 1, can be obtained directly from the numbers given in Tables 1, 2 themselves, but rather the moments R k of the τ hadronic spectrum, which according to (7) are combinations of the spectral moments. 
For αs π G 2 ≃ 0.018 GeV 2 , the contribution of the gluon condensate is −1.1%, thus providing the dominant correction. The precision in the determination of the gluon condensate is limited by the theoretical uncertainty in the value of η pert . An uncertainty of 1% in the value of η pert implies an uncertainty of 0.02 GeV 4 in the value of the gluon condensate, which is of the same magnitude as the expected value of the condensate itself. We conclude that, unless one manages to suppress the perturbative uncertainty, the gluon condensate cannot be extracted with a precision of much better than 100%.
Consider finally the extraction of power corrections of dimension six. An ideal observable to determine these would be the combination . Neglecting a contribution of order 10
, we find
In this case, the perturbative uncertainty in the value of ρ pert = 3M 3 − 2M 2 − 1 is of order 1-2%, leading to δ O (0+1) 6 ≃ 0.2-0.3 GeV 6 , which is larger than expected value of the condensate. Given the present level of control over the perturbative contributions to the moments, it is thus not possible to extract power corrections of dimension six or higher from hadronic τ decays, even in an ideal experiment.
To summarize, we believe that beyond extracting the running coupling constant α s (m 2 τ ) the goals of a realistic analysis of spectral moments in hadronic τ decays should be (i) to test QCD, or more specifically the SVZ approach, by checking the absence of large dimension-two operators; (ii) to extract a value of the gluon condensate. To pursue these goals, we propose to measure differences of the moments R k defined in (7) . The perturbative contributions to these differences start at order α 2 s and are known exactly to order α 4 s . Since these contributions are very small, the quantities we shall construct provide a more direct measurement of power corrections, which is very little affected by uncertainties in the value of α s (m 
The running coupling constant along the contour in the complex plane can be obtained from the solution of the RGE (17), which reads 
and Ei(x) = x −∞ dt t e t is the exponential integral. Note that the value of Im Ei(x+ iy) is not affected by the pole at t = 0. The integrals with n > 1 can be obtained from the recursion relation 
Beyond this approximation, the integrals have to be performed numerically. However, in the case of the two-loop β-function one can still obtain an approximate analytic expression by writing 
where in the one-loop integrals one uses
instead of a. This provides a very good approximation to the exact numerical results.
In Table 10 , we compare the various approximations for some of these integrals in the case of α s (m 
The value for m s has been obtained in a recent QCD sum rule analysis [54] . The scale dependence of the running masses is governed by the RGE 
At two-loop order,
with coefficients γ 0 = −8 and γ 1 = −364/3 (for n f = 3) [55] . At this order, the solution of the RGE is In the calculation of the power corrections in Sect. 5 we also need the elements V uj of the Cabibbo-Kobayashi-Maskawa matrix. We neglect V ub , so that | V ud | 2 + | V us | 2 = 1, and use
Finally, we give the definition of the scale-invariant condensates of dimension four, which are relevant to our analysis. In the MS scheme, and to next-to-leading order in the coupling constant, they are defined as [46, 53] α s π G 2 = 1 + 16 9
For the scale-invariant quark condensates we write m iψi ψ i = −m i (µ 2 0 ) κ i and take the standard values [15] κ u = κ d = (230 ± 30 MeV) 3 , κ s = 0.65κ u .
For the scale-invariant gluon condensate and for the four-quark condensate we use an average over some recent determinations [9] - [11] , however with conservative errors: 
